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DEFORMATION PRINCIPLE AND ANDRÉ MOTIVES OF PROJECTIVE
HYPERKÄHLER MANIFOLDS
ANDREY SOLDATENKOV
Abstract. Let X1 and X2 be deformation equivalent projective hyperkähler manifolds. We prove that
the André motive of X1 is abelian if and only if the André motive of X2 is abelian. Applying this to
manifolds of K3[n], generalized Kummer and OG6 deformation types, we deduce that their André motives
are abelian. As a consequence, we prove that all Hodge classes in arbitrary degree on such manifolds are
absolute. We discuss applications to the Mumford-Tate conjecture, showing in particular that it holds
for even degree cohomology of such manifolds.
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1. Introduction
In this paper, we study André motives of projective hyperkähler manifolds. By a hyperkähler manifold
we mean a compact simply-connected Kähler manifoldX , such thatH0(X,Ω2X) is spanned by a symplectic
form. We generalize the results of [2] and [26], showing that for most of the known deformation types of
hyperkähler manifolds their André motives are abelian.
1.1. André motives and hyperkähler manifolds. André motives were introduced in [1] as a refine-
ment of Deligne’s motives [9]. They form a semi-simple Tannakian category, whose construction we briefly
recall in section 2. The motives of abelian varieties generate a full Tannakian subcategory whose objects
are called abelian motives. The theory of André motives has found applications to the study of various
arithmetic and Hodge-theoretic questions about algebraic varieties. Recall the theorem of Deligne [9]
stating that any Hodge cohomology class on an abelian variety is absolute Hodge. More generally, it was
shown in [1] that for a projective manifold X whose André motive is abelian, all Hodge classes on X
are absolute. This shows that one part of the Hodge conjecture holds for varieties with abelian motives.
Another application is related to the Mumford-Tate conjecture, which predicts a relation between the
Mumford-Tate groups and the Galois group action on the cohomology of a projective variety. We review
the absolute Hodge classes and the Mumford-Tate conjecture in more detail in sections 1.2 and 1.3 below.
We recommend [22] for a general overview of the recent developments in this area.
The main new tool used in this paper is the generalized Kuga-Satake construction for hyperkähler
manifolds, which was introduced in [18]. For any projective hyperkähler manifold X , this construction
gives an embedding of the cohomology groups of X into the cohomology of an abelian variety, which
respects the Hodge structures. Therefore, our main goal is to prove that the Kuga-Satake embedding lifts
to the category of André motives. To do this, we need to show that the cohomology class defining the
embedding is motivated in the sense of [1], see also section 2.
Our approach is based on the deformation principle for motivated cohomology classes [1, Theorem 0.5].
More precisely, assume that
(1.1) π : X → B
is a smooth projective morphism, B a connected quasi-projective variety and the fibres of π are hyperkähler
manifolds. Assume that for some point b0 ∈ B the André motive of Xb0 = π
−1(b0) is abelian. This implies
that the Kuga-Satake embedding for Xb0 is motivated, and the deformation principle [1, Theorem 0.5]
implies that it is motivated for any fibre Xb1 , b1 ∈ B. Therefore, it suffices to prove that there is one
hyperkähler manifold in each deformation class whose motive is abelian. This is usually possible to do
using some explicit geometric construction. For example, in the case of K3 surfaces one can assume that
Xb0 is a Kummer surface. Other deformation types of hyperkähler manifolds are discussed in section 4.
The approach outlined above has one subtlety. Namely, assume that X1 and X2 are deformation equiv-
alent projective hyperkähler manifolds. In the moduli space of all hyperkähler manifolds the projective
ones are parametrized by a countable collection of divisors. We show in section 6 that it is possible to
realize X1 and X2 as fibres of a smooth family as in (1.1), but it is a priory not clear if one can make the
morphism π projective. To resolve this issue, we prove in section 5 a generalization of the deformation
principle, which applies to the case when all the fibres of π in (1.1) are projective, but the morphism π is
projective only over a dense Zariski-open subset of the base. Our main result is the following statement.
Theorem 1.1. Let X1 and X2 be deformation equivalent projective hyperkähler manifolds. The André
motive of X1 is abelian if and only if the André motive of X2 is abelian.
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The proof is given in section 6.2.
We apply this theorem to several known deformation types of hyperkähler manifolds. We leave out
only the OG10 type, which remains the subject of a future research.
Corollary 1.2. Let X be a projective hyperkähler manifold of K3[n], generalized Kummer, or OG6 de-
formation type. Then the André motive of X is abelian.
Proof. By Theorem 1.1, it suffices to find one manifold with abelian motive in each deformation class. For
the Hilbert schemes of points on K3 surfaces and generalized Kummer varieties, the motives are abelian
by [5], [6] and [33]. For OG6 deformation type, one can find a manifold with abelian motive using the
construction from [21]. We recall all these constructions in section 4. 
The above Corollary recovers the results of [1], [2] and [26], where the case of K3 surfaces and, more
generally, K3[n]-type varieties has been considered. Unlike [26], we do not use the results of Markman on
the structure of the cohomology ring, which are specific for K3[n]-type varieties. The approach using the
Kuga-Satake construction is more general, and therefore allows us to treat other deformation types.
Let us also mention that a substantial amount of recent research has been devoted to the study of Chow
motives of hyperkähler manifolds and related questions, see e.g. [11] and references therein. Proving that
the Chow motives of hyperkähler manifolds are abelian seems to be a more difficult problem, and the
methods of the present paper are not sufficiently strong to deal with it.
Let us next review the applications of our results to the absolute Hodge classes and the Mumford-Tate
conjecture.
1.2. Absolute Hodge classes. Let X be a non-singular projective variety over C. Denote by Xan the
corresponding complex manifold. Recall that the de Rham cohomology H•dR(X) is the hypercohomology
of the algebraic de Rham complex Ω•X/C. For every k, the C-vector space H
k
dR(X) is endowed with a
decreasing Hodge filtration F •. On the other hand, the singular cohomology Hk(Xan,C) is endowed
with the Q-structure given by the subspace Hk(Xan,Q). Comparison results between the algebraic
and the analytic cohomology of coherent sheaves and the quasi-isomorphism Ω•Xan ≃ C induce natural
isomorphisms of the cohomology groups HkdR(X) ≃ H
k(Xan,C).
Recall that an element α ∈ F pH2pdR(X) is called a Hodge class, if its image in H
2p(Xan,C) under the
isomorphism described above is contained in the subspace (2πi)pH2p(Xan,Q). The Hodge conjecture
predicts that the property of α being Hodge should be stable under automorphisms of the field of complex
numbers. More precisely, let σ ∈ Aut(C/Q) be an automorphism and Xσ be the variety obtained by base
change via σ. We have a chain of isomorphisms of Q-vector spaces:
(1.2) HkdR(X) ≃ H
k
dR(X)⊗C,σ C ≃ H
k
dR(Xσ) ≃ H
k(Xanσ ,C).
A cohomology class α ∈ F pH2pdR(X) is called absolute Hodge, if its image under the isomorphism (1.2)
lies in (2πi)pH2p(Xanσ ,Q) for any σ ∈ Aut(C/Q). If α is an algebraic class, i.e. it is contained it the
Q-subspace spanned by the classed of algebraic subvarieties, then it is absolute Hodge. According to the
Hodge conjecture, every Hodge class should be algebraic, therefore absolute Hodge.
According to Deligne [9], any Hodge class on an abelian variety is absolute. Using the results of [1] and
Theorem 1.1, we deduce the following statement.
Corollary 1.3. Let X be a projective hyperkähler manifold of K3[n], generalized Kummer, or OG6 de-
formation type. Then all Hodge classes on X are absolute.
Proof. By Corollary 1.2, the André motive of X is abelian, and we can apply [1, section 6]. 
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1.3. The Mumford-Tate conjecture. Assume that X is a non-singular projective variety defined over
a subfield k ⊂ C finitely generated over Q. Recall the comparison isomorphism between the ℓ-adic and
singular cohomologies of X :
(1.3) Hke´t(Xk¯,Qℓ) ≃ H
k(Xan,Q)⊗Qℓ.
Let us briefly denote by Hkℓ this Qℓ-vector space.
The left-hand side of (1.3) is a representation of the Galois group Gal(k¯/k). Denote by Gkℓ the Zariski
closure of the image of Gal(k¯/k) in GL(Hkℓ ). Let G
k,◦
ℓ be the connected component of the identity in G
k
ℓ .
The right-hand side of (1.3) is naturally a representation of the Mumford-Tate group MTk(X)⊗Qℓ. The
Mumford-Tate conjecture predicts that these two subgroups of GL(Hkℓ ) are equal:
(1.4) Gk,◦ℓ = MT
k(X)⊗Qℓ.
This conjecture has been a subject of an active research. For an overview of the recent developments,
see [22]. There is a number of recent works on the Mumford-Tate conjecture that use methods similar
to ours. In [2], the Mumford-Tate conjecture in degree 2 was proven for hyperkähler manifolds. In [23]
this result was generalized to a wider class of varieties with h2,0 = 1; the proof relies on the Kuga-Satake
construction. In [4], it was shown that for varieties with abelian motive the validity of the Mumford-Tate
conjecture does not depend on ℓ. In [10], the Mumford-Tate conjecture in arbitrary degree for K3[n]-type
varieties was proven; the method of the proof relies on the results of Markman about the structure of the
cohomology algebra, similarly to [26].
Let us remark, that at present the Mumford-Tate conjecture is not known even for general abelian
varieties. On the other hand, we know from [2] that it holds in degree 2 for any hyperkähler manifold.
Using Theorem 1.1 and the results of [10], we can deduce the Mumford-Tate conjecture in all even degrees
for the same type of varieties as in Corollary 1.2.
One special type of abelian varieties for which the Mumford-Tate conjecture is known are the varieties
of CM type. In this case, one can use the results of [30], see also [22, Theorem 3.3.2 and Corollary
4.3.15]. We deduce analogous results for hyperkähler manifolds. We will say that a projective hyperkähler
manifold X is of CM type, if the Mumford-Tate group of H2(X,Q) is abelian. In this case the Mumford-
Tate groups of Hk(X,Q) are abelian for all k. This follows from the fact that the Hodge structures on all
cohomology groups of X are induced by the natural Lie algebra action, as we recall in section 3.
We summarize our discussion in the following statement.
Corollary 1.4. Let X be a projective hyperkähler manifold of K3[n], generalized Kummer, or OG6 de-
formation type. Then the Mumford-Tate conjecture holds for the cohomology of X in all even degrees. If
X is moreover of CM type, then the Mumford-Tate conjecture holds for the cohomology in all degrees.
Proof. The first part of the corollary is a combination of [10, Theorem 5.1] and [22, formula (3.3)]. The
latter is valid when the motive of the manifold is abelian. The second part follows from [22, Theorem
3.3.2], see also [22, Corollary 4.3.15]. 
1.4. Organization of the paper. In section 2, we discuss the notions of a motivated cohomology class
and André motive. We recall the necessary definitions and constructions from [1]. In section 3, we recall
the basic results about the cohomology of hyperkähler manifolds and the Kuga-Satake construction from
[18]. The main results of this section are Proposition 3.2 and Corollary 3.3, which generalize the results of
[18] to the relative setting. In section 4, we recall some known results about the Hilbert schemes of points,
generalized Kummer varieties and O’Grady’s 6-dimensional varieties. We explain that in each of these
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deformation types one can find a variety with abelian motive. In section 5, we prove a generalization of
the deformation principle for motivated cohomology classes, Proposition 5.1. In section 6, we discuss the
construction of families of hyperkähler manifolds and in 6.2 prove the main result, Theorem 1.1.
2. Motivated cohomology classes and André motives
In this section, we briefly recall some results of [1]. Let (Var/C) be the category of non-singular
complex projective varieties and their morphisms. For a variety X ∈ (Var/C), we will denote by Hk(X)
the singular cohomology group Hk(Xan,C). Let (GrAlg/Q) be the the category of finite-dimensional
graded Q-algebras.
2.1. Motivated cohomology classes. Assume that X ∈ (Var/C) and let L be an ample line bundle
on X . Denote by h ∈ H2(X) the first Chern class of L. The Lefschetz operator Lh ∈ End(H
•(X)) is
defined as the cup product with h, and it induces isomorphisms Lkh : H
n−k(X)
∼
→ Hn+k(X) for every
k = 0, . . . , n, where n = dimC(X). The subspace of primitive elements H
k
pr(X) ⊂ H
k(X), k = 0, . . . , n, is
by definition the kernel of Ln−k+1h .
We will denote by ∗h ∈ End(H
•(X)) the Lefschetz involution associated with h. Recall that for
x ∈ Hkpr(X) and i = 0, . . . , n− k we have ∗h(L
i
hx) = L
n−k−i
h x. This uniquely determines ∗h, since H
•(X)
is spanned by the elements of the form Lihx with x primitive.
For X,Y ∈ (Var/C) and two ample line bundles L1 ∈ Pic(X), L2 ∈ Pic(Y ), let pX , pY denote the two
projections from X × Y , and let h = c1(p∗XL1 ⊗ p
∗
Y L2) ∈ H
2(X × Y ). For any two classes of algebraic
cycles α, β ∈ H•alg(X × Y ), consider the class
(2.1) pX∗(α ∪ ∗hβ).
Let H•M (X) be the Q-subspace of H
•(X) spanned by the classes (2.1) for all Y , L1, L2, α, β as above.
Elements of H•M (X) will be called motivated cohomology classes (or motivated cycles, in the terminology
of [1]). Let us list a few properties of the motivated classes.
(1) H•M (X) is a graded Q-subalgebra of H
•(X);
(2) For f : X → Y , we have f∗H•M (Y ) ⊂ H
•
M (X), hence we have a functor
H•M : (Var/C)
op → (GrAlg/Q);
(3) For f as above, we have f∗H
•
M (X) ⊂ H
•−dim(X)
M (Y );
(4) All classes in H•M (X) are absolute Hodge;
(5) The Künneth components of the diagonal are contained in H•M (X ×X) for any X ∈ (Var/C).
Let us also recall the following deformation principle:
Theorem 2.1 ([1, Theorem 0.5]). Let π : X → B be a smooth projective morphism. Assume that the
base B is a connected quasi-projective variety. Let ν ∈ Γ(B,R2pπ∗C). Assume that for some b0 ∈ B the
element νb0 ∈ H
2p(Xb0) is a motivated cohomology class. Then νb1 is a motivated class on Xb1 for any
b1 ∈ B.
We will generalize the deformation principle in section 5, relaxing the condition of projectivity for the
morphism π, see Proposition 5.1.
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2.2. The André motives. The construction of the André motives is similar to that of the Chow motives.
We start by defining the spaces of motivated correspondences: for X,Y ∈ (Var/C) with X connected, let
CorkM (X,Y ) = H
k+dim(X)
M (X × Y ). The properties of motivated classes listed above imply that we can
define the composition of motivated correspondences in the usual way.
Define a Q-linear category (MotA) whose objects are triples (X, p, n), where X ∈ (Var/C), p ∈
Cor0M (X,X), p ◦ p = p, and n ∈ Z. The space of morphisms from (X, p, n) to (Y, q,m) is by defini-
tion q ◦Corm−nM (X,Y ) ◦ p ⊂ Cor
m−n
M (X,Y ). The tensor product on (MotA) is defined using the Cartesian
product of varieties. It is shown in [1], that (MotA) is a semi-simple graded neutral Tannakian category.
We will denote the André motives by boldface letters: for X ∈ (Var/C) define
M(X)(n) = (X, [∆X ], n) ∈ (MotA),
where ∆X denotes the diagonal in X×X . More generally, since the Künneth components of the diagonal
are motivated, we can define the motives representing the cohomology groups of X :
Hk(X)(n) = (X, δk, n) ∈ (MotA),
where δk is the k-th Künneth component of [∆X ]. Therefore, we have the direct sum decomposition
M(X)(n) = ⊕kHk(X)(n).
The subcategory of abelian motives (Motab
A
) is the minimal full Tannakian subcategory of (MotA)
containing M(A)(n) for all abelian varieties A and n ∈ Z. It is shown in [1] that for any X ∈ (Var/C), if
M(X) ∈ (Motab
A
), then all Hodge classes on X are motivated, in particular absolute Hodge.
We will use the well-known fact, that the class of varieties with abelian motives is stable under two
basic operations. Namely, let X,Y ∈ (Var/C) and let f : X → Y be a surjective generically finite
morphism. Then f∗ : M(Y ) →֒ M(X) is injective, and M(X) ∈ (Motab
A
) implies M(Y ) ∈ (Motab
A
). The
second basic operation is the blow-up: if i : X →֒ Y is a closed immersion and M(X),M(Y ) ∈ (Motab
A
),
then M(BlXY ) ∈ (MotabA ). As an example, consider a complex abelian surface A and denote by A[2]
its 2-torsion points. Then S = (BlA[2]A)/ ± 1 is the corresponding Kummer K3 surface. We see that
M(S) ∈ (Motab
A
).
3. Hyperkähler manifolds and the Kuga-Satake embedding
In this section, we recall the basic properties of hyperkähler manifolds. We refer to [29], [14], [3] for
more details. We also recall the results of [18] and extend them to the relative setting.
3.1. Hyperkähler manifolds. In this paper, a hyperkähler manifold is a simply-connected Kähler man-
ifold X , such that H0(X,Ω2X) is spanned by a symplectic form. The dimension of any symplectic manifold
is even; we let dimC(X) = 2n.
Let VZ = H
2(X,Z) and V = VZ ⊗ Q. Let q ∈ S2V ∗ denote the Beauville-Bogomolov-Fujiki (BBF)
form. Recall that this form has the following property: there exists a constant cX ∈ Q, such that for all
h ∈ H2(X,Q) the equality q(h)n = cXh2n holds. We can assume that q is integral and primitive on VZ,
and q(h) > 0 for a Kähler class h. The signature of q is (3, b2(X)− 3). Recall also that V carries a Hodge
structure of K3 type.
There exists a natural action of the orthogonal Lie algebra on the total cohomology of X . Let us briefly
recall how to define this action. An element h ∈ V has Lefschetz property, if the cup product with hk
induces an isomorphism H2n−k(X,Q) ≃ H2n+k(X,Q) for all k = 0, . . . , 2n. In this case one can consider
the corresponding Lefschetz sl2-triple. Let gtot ⊂ End(H
•(X,Q)) be the Lie subalgebra generated by all
such sl2-triples.
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Let V˜ = 〈e0〉 ⊕ V ⊕ 〈e4〉 be the graded Q-vector space with ei of degree i, and V in degree 2. Let
q˜ ∈ S2V˜ ∗ be the quadratic form, such that: q˜|V = q, e0 and e4 are isotropic and orthogonal to V and
span a hyperbolic plane. It was shown in [31] and [19] that there exists an isomorphism of graded Lie
algebras gtot ≃ so(V˜ , q˜).
One can show that the Hodge structures on the cohomology groups of X are induced by the action of
gtot. More precisely, let W be the Weil operator that induces the Hodge structure on V , i.e. it acts on
V p,q as multiplication by i(p− q). Then W ∈ so(V, q) ⊂ so(V˜ , q˜) and W induces the Hodge structures on
Hk(X,Q) for all k (see [31]).
3.2. The Kuga-Satake construction. To the K3 type Hodge structure V we can associate a Hodge
structure of abelian type, which is called the Kuga-Satake Hodge structure. Let us briefly recall the
construction. Let H = Cl(V, q) be the Clifford algebra. There exists a natural embedding V →֒ H . Define
H0,−1 to be the right ideal V 2,0 ·HC (see [27, Lemma 3.3]), and H−1,0 = H0,−1. This defines a rational
Hodge structure on H .
Note that H is canonically an so(V, q)-module, and the Hodge structure on it is induced by the action
of the Weil operator W (see e.g. [27]). Since the hyperkähler manifold X is projective, one can show that
H is polarizable. Moreover, the polarization can be chosen Spin(V, q)-invariant (see e.g. [18] or [12]).
Let d = 14m dimQ(H). The following theorem was proven in [18].
Theorem 3.1. There exists a structure of graded so(V˜ , q˜)-module on Λ•H∗ that extends the so(V, q)-
module structure. For some m > 0 there exists an embedding of so(V˜ , q˜)-modules
H•+2n(X,Q) →֒ Λ•+2d(H∗⊕m).
This induces embeddings of Hodge structures
νi : H
i+2n(X,Q(n)) →֒ Λi+2d(H∗⊕m)(d),
where i = −2n, . . . , 2n.
3.3. The Kuga-Satake construction in families. Let us consider a smooth projective morphism
ϕ : X → B whose fibres are hyperkähler manifolds. Let us fix a base point b0 ∈ B and denote by X
the fibre Xb0 . We would like to apply Theorem 3.1 to the family ϕ and obtain the embedding of the
corresponding variations of Hodge structures. In order to do so, we need to construct a family of Kuga-
Satake abelian varieties, such that the embeddings νi from Theorem 3.1 are π1(B, b0)-equivariant. We
will explain below, that it is possible to do this after we pass to a finite étale covering of B. The base B
can be arbitrary complex-analytic space.
Denote by AutP (X) ⊂ GL(H•(X,Q)) the subgroup of algebra automorphisms that fix the Pontryagin
classes of X . We will denote by AutP (X)Z the arithmetic subgroup of Aut
P (X)Q preserving the integral
cohomology lattice.
Recall that so(V, q) acts on H•(X,Q) by derivations, and this action induces a homomorphism of
algebraic groups
α : Spin(V, q)→ AutP (X),
see section 3.1 in [28] and references therein. Denote by Aut+(X) the image of α. Let MC(X) =
Diff(X)/Diff◦(X) be the mapping class group of X . Here Diff(X) is the group of diffeomorphisms of X ,
and Diff◦(X) is the subgroup of diffeomorphisms isotopic to the identity. The mapping class group acts
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on the cohomology of X fixing Pontryagin classes, hence a group homomorphism
β : MC(X)→ AutP (X)Z.
The following proposition generalizes [28, Proposition 3.5]. Let us mention that analogous result was
independently obtained in [13, Theorem 4.16].
Proposition 3.2. There exists a subgroup of finite index MC′ ⊂ MC(X) and a group homomorphism
β′ : MC′ → Spin(V, q)Q, such that α ◦ β′ = β and the image of β′ is contained in an arithmetic subgroup
of Spin(V, q)Q.
Proof. Recall that the action of AutP (X) on V preserves the form q, thus we have a homomorphism
AutP (X)→ O(V, q), see [32, Theorem 3.5(i)]. Let Γ ⊂ AutP (X)Z be a torsion-free arithmetic subgroup.
Since the induced homomorphism Γ → O(V, q)Q has finite kernel by [32, Theorem 3.5(iv)], it is actually
injective. Analogously, let Γ′ ⊂ Spin(V, q)Q be another torsion-free arithmetic subgroup. Then the action
of Spin(V, q) on V induces an injection Γ′ →֒ O(V, q)Q.
The construction of MC′ is summarized in the following commutative diagram:
MC′ MC′′ MC(X)
Γ ∩ Γ′ Γ AutP (X)Z
Γ′ O(V, q)Q
β
Here Γ ∩ Γ′ is of finite index in Γ, because both Γ and Γ′ are arithmetic subgroups of O(V, q)Q. By the
definition of Γ, it has finite index in AutP (X)Z. We then let MC
′ = β−1(Γ ∩ Γ′), and define β′ to be the
composition of the two maps in the left column of the diagram and the embedding Γ′ ⊂ Spin(V, q)Q. 
Corollary 3.3. Let ϕ : X → B be a smooth family of hyperkähler manifolds with B connected, b0 ∈ B a
base point, X the fibre of ϕ over b0, and 2n = dimC(X). Let V = H
2(X,Q) and denote by q the BBF
form on V . Then the following statements hold:
(1) There exists a finite étale covering B′ → B, such that the action of π1(B′, b′0) on H
•(X,Q) factors
through a homomorphism ρ : π1(B
′, b′0)→ Spin(V, q)Q;
(2) There exists a smooth family of compact complex tori ψ : A → B′ and an embedding of the varia-
tions of Hodge structures
ν¯i : R
i+2nϕ′∗Q(n) →֒ R
i+2dψ∗Q(d),
where i = −2n, . . . , 2n, 2d = dimC(Ab′0) and ϕ
′ : X ′ = X ×B B′ → B′;
(3) Assume that there exists a monodromy-invariant cohomology class h ∈ H2(X,Q)π1(B,b0), such that
q(h) > 0. Then one can find B′ as above, such that ψ is a projective family of abelian varieties.
Proof. (1) The monodromy action on the cohomology is induced by a homomorphism ρ : π1(B, b0) →
MC(X). Using the subgroup MC′ ⊂ MC(X) from Proposition 3.2, we get a finite index subgroup
ρ−1(MC′) ⊂ π1(B, b0) and the corresponding covering B
′. It satisfies the required properties by the
definition of MC′.
(2) Denote by B˜ the universal covering of B. Let H be the variation of the Kuga-Satake Hodge
structures over B˜, constructed fiberwise as in section 3.2. By Proposition 3.2, the image of π1(B
′, b′0) under
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ρ is contained in an arithmetic subgroup of Spin(V, q)Q. This implies, that the action of the fundamental
group of B′ preserves some lattice Λ ⊂ H. Taking the quotient of H/Λ by the action of π1(B′, b′0), we
get a family of complex tori ψ : A → B′. The embeddings of Hodge structures νi from Theorem 3.1 are
monodromy-equivariant. This implies that they induce the embeddings ν¯i of the corresponding variations
of Hodge structures over B′.
(3) Under our assumptions, the Kuga-Satake Hodge structures admit a Spin(V, q)-invariant polariza-
tion, see e.g [18]. We can therefore fix a polarization type for the Kuga-Satake abelian varieties. Choosing
appropriate finite étale cover B′ → B, we obtain a map from B′ to an arithmetic quotient of the Siegel
half-space Γ\H2d. For a suitable choice of Γ, there exists a projective universal family of abelian varieties
over Γ\H2d, see e.g. [25, Theorem 8.11]. We can then construct the family ψ as the pull-back of the
universal family. 
4. The manifolds of K3[n], generalized Kummer and OG6 deformation types
In this section, we recall the results of [5], [6], [33] and [21]. They provide the necessary geometric
input for the proof of Corollaries 1.2, 1.3 and 1.4, showing that in each of the K3[n], generalized Kummer
and OG6 deformation types there exists at least one variety with abelian motive.
4.1. Hilbert schemes of points on K3 surfaces and generalized Kummer varieties. Let S be a
non-singular complex projective surface. We will denote by S[n] the Hilbert scheme of length n subschemes
of S and by S(n) the n-th symmetric power of S. Recall that S[n] is non-singular and there exists a Hilbert-
Chow morphism χ : S[n] → S(n).
In [5], the natural stratification of S(n) was used to describe the motive of S[n]. We briefly recall the
construction. Let ν = (ν1, . . . , νn) denote a partition of n, so that n = ν1 + 2ν2 + . . .+ nνn and νi > 0.
Let l(ν) =
∑
i νi and denote by S
(ν) the product
∏
i S
(νi). Recall that the points of S(νi) are the 0-cycles
of length νi in S. Consider the morphism S
(ν) → S(n) that sends a collection of cycles (x1, . . . , xn) to the
cycle x1 +2x2 + . . .+ nxn. Let Zν denote the product S
(ν) ×S(n) S
[n] with the reduced scheme structure.
We get a commutative square:
Zν S
[n]
S(ν) S(n)
qν
pν χ
By construction, dim(S(ν)) = 2l(ν) and one can show that dim(Zν) = n + l(ν). Note, that the
symmetric powers of S have quotient singularities. Hence all the natural operations on Chow groups with
rational coefficients are well-defined. Consider the morphisms qν∗ ◦ p∗ν : CH
k
Q(S
(ν)) → CH
k+n−l(ν)
Q (S
[n]).
It is shown in [5, Theorem 5.4.1] that the sum of these morphisms gives an isomorphism of Chow groups
CH
•
Q(S
[n]) ≃ ⊕νCH
•−n+l(ν)
Q (S
(ν)),
where the direct sum is taken over all partitions of n. One deduces from this an isomorphism of motives
M(S[n]) ≃ ⊕νM(S(ν))(n− l(ν)),
which actually holds on the level of Chow motives with rational coefficients, cf. [5, Theorem 6.2.1]. The
motive of S(ν) is by definition a submotive of ⊗iM(Sνi). The latter is abelian if the motive of S is abelian.
Therefore, it follows from [1] that M(S[n]) ∈ (Motab
A
) for any complex projective K3 surface S.
Analogous arguments show that the motive of a generalized Kummer variety is abelian. Namely,
let A be a complex abelian surface. Consider the Albanese morphism a : A[n+1] → A, which sends an
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(n + 1)-tuple of points on A into their sum. The fibre KnA = a−1(0) is called the generalized Kummer
variety.
To describe the motive of KnA one uses the construction described above, replacing the symmetric
power A(n) by the fibre of the Albanese morphism A(n) → A. The fibres of the morphisms A(νi) → A
are finite quotients of abelian varieties. Therefore, repeating the arguments of [5], or using more general
results of [6], we find that M(KnA) ∈ (Motab
A
). This was also shown in [33, Theorem 1.1] using similar
methods.
4.2. Manifolds of OG6 deformation type. The manifolds of OG6 deformation type were discovered
by O’Grady, see [24]. These 6-dimensional manifolds have originally been constructed as desingularizations
of certain moduli spaces of sheaves on abelian surfaces. To produce one manifold of this deformation type
with abelian motive, one can use a construction from [21]. In [21, section 6] one finds a diagram of the
form
X
f
←− Y2
g2
−→ Y1
g1
−→ Y.
In this diagram: X is an OG6-type manifold; Y is a K3[3]-type manifold; f is a surjective generically
finite morphism; g1 and g2 are blow-ups with centers Z1 and Z2, where Z1 is the disjoint union of 256
projective spaces and Z2 is isomorphic to (Bl(A×A∨)[2](A×A
∨))/± 1 for some abelian surface A (see the
proof of [21, Proposition 6.1]). The motives of Y , Z1 and Z2 are abelian, hence the motive of Y2 is also
abelian. By projection formula, the motive of X embeds into the motive of Y2, hence it is also abelian.
5. Deformation principle
5.1. The setting. In this section, we will assume that
π : X → B
is a smooth proper morphism with connected fibres between complex-analytic spaces, the base B is a
connected quasi-projective variety and for any b ∈ B the fibre Xb is projective. Moreover, we will assume
that there exists a line bundle L ∈ Pic(X ) and a dense Zariski-open subset U ⊂ B, such that L|Xb is
ample for any b ∈ U .
5.2. The statement and preliminary constructions. The following proposition is a version of the
deformation principle for motivated cohomology classes, see section 2 and [1, Theorem 0.5].
Proposition 5.1. In the above setting 5.1, let b0, b1 ∈ B and assume that for some ξ ∈ H0(B,R2pπ∗C)
the cohomology class ξb0 ∈ H
2p(Xb0 ,C) is motivated. Then ξb1 is also motivated.
The proof is given below in 5.3. It uses the same idea as in [1], but in our case the variety X is
only Moishezon, so we need to blow it up to get a quasi-projective variety. We start by explaining these
preliminary constructions.
Let us additionally assume that B is an integral curve, b0 ∈ U , b1 ∈ B \U . After shrinking B, we may
assume that U = B \ {b1} and the morphism π is projective over U . Let XU = π−1(U). We will denote
by Xi = π
−1(bi) the two fibres.
Using quasi-projectivity of B and resolution of singularities, we can find a compact manifold X¯ and
an open embedding j : X →֒ X¯ , such that X¯ \X1 is quasi-projective. We can also assume that X¯ \ j(X )
is a simple normal crossing divisor. The manifold X¯ is Moishezon, and there exists a birational map
f : X¯ 99K Y , where Y is a projective variety and f induces an open immersion of X¯ \X1 into Y . Resolving
the indeterminacies of f , we find a projective manifold Xˆ and a birational morphism r : Xˆ → X¯ that is
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an isomorphism over X¯ \X1. We can also assume that r−1(X1) is a simple normal crossing divisor. Let
us denote by Xˆ1 the irreducible component of this divisor that dominates X1. The restriction of r to Xˆ1
is a birational morphism r1 : Xˆ1 → X1. We denote by αi : Xi →֒ X¯ the closed immersions. Since r is an
isomorphism over X¯ \X1, the immersion α0 lifts to αˆ0 : X0 →֒ Xˆ . We summarize our constructions in a
diagram:
(5.1)
X0 XU Xˆ Xˆ1
X0 X X¯ X1
αˆ0
r
αˆ1
r1
α0
α1
The projective manifold Xˆ can be used as the 0-th term of a simplicial resolution for X¯ , which is an
augmented simplicial variety Xˆ• → X¯ with Xˆi smooth projective and Xˆ0 = Xˆ . Such resolution can be
constructed as in [8, 6.2.5]. Note that both X¯ and Xˆ are smooth manifolds of the same dimension, hence
by projection formula [16, IX.7.3] the pull-back on cohomology r∗ is injective. Thus we have the following
exact sequence (cf. [8, Proposition 8.2.5]):
0 −→ H2p(X¯ ,C)
r∗
−→ H2p(Xˆ ,C)
δ∗0−δ
∗
1−→ H2p(Xˆ1,C),
where δ0, δ1 : Xˆ1 ⇒ Xˆ0 = Xˆ are the face maps.
Definition 5.2. Define the motive H2p(X¯ ) to be the kernel of the morphism
δ∗0 − δ
∗
1 : H
2p(Xˆ )→ H2p(Xˆ1).
Let Gi = π1(B, bi). There exist canonical isomorphisms H
0(B,R2pπ∗C) ≃ H2p(Xi,C)Gi .
Lemma 5.3. We have the following equalities:
(5.2) ker(α∗0 : H
2p(X¯ ,C)→ H2p(X0,C)) = ker(α
∗
1 : H
2p(X¯ ,C)→ H2p(X1,C)),
and
(5.3) im(α∗i : H
2p(X¯ ,C)→ H2p(Xi,C)) = H
2p(Xi,C)
Gi , i = 0, 1.
Proof. The kernels in (5.2) can be identified with the kernel of the composition
(5.4) H2p(X¯ ,C)→ H2p(X ,C)→ H0(B,R2pπ∗C),
where the last morphism comes from the Leray spectral sequence. This proves (5.2).
To prove (5.3), it is sufficient to check that H2p(X¯ ,C) → H2p(X0,C)G0 is surjective, because this
would imply surjectivity of the composition (5.4). Since X0 ⊂ XU , we have the composition
(5.5) H2p(X¯ ,C)
β
→ H2p(XU ,C)
γ
→ H2p(X0,C)
G0 .
The line bundle L defines a polarization on the fibres over U , hence the Leray spectral sequence
degenerates at E2. Since the action of π1(U, b0) on the cohomology of X0 factors through G0, it follows
that the morphism γ is surjective. The cohomology of XU carries a mixed Hodge structure, and since
the Hodge structure on H2p(X0,C) is pure, we deduce that the restriction of γ to W2pH
2p(XU ,C) is still
surjective. On the other hand, X¯ is a smooth Moishezon compactification of XU , and the arguments from
[7, section 3.2] show that W2pH
2p(XU ,C) is the image of β. This completes the proof of (5.3). 
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Definition 5.4. Define the following motives:
H2p(X0)G0 = im(αˆ∗0 : H
2p(X¯ )→ H2p(X0)),
H2p(X1)
G1 = im(r1∗ ◦ αˆ
∗
1 : H
2p(X¯ )→ H2p(X1)).
Note that αˆ∗0 ◦ r
∗ = α∗0 and by projection formula r1∗ ◦ αˆ
∗
1 ◦ r
∗ = r1∗ ◦ r∗1 ◦ α
∗
1 = α
∗
1, see the diagram
(5.1). Therefore, it follows from (5.3) that H2p(Xi)Gi are the motives representing H2p(Xi,C)Gi .
5.3. Proof of Proposition 5.1. We may assume that the base B is integral. Moreover, since B is
quasi-projective, we may replace it with a general curve passing through b0 and b1.
The case when both b0 and b1 lie in U reduces to [1, Theorem 0.5], since in this case we can shrink B
and assume that L is π-ample. It remains to consider the case when b0 ∈ U , b1 ∈ B \ U , as above.
Consider the motives H2p(Xi)Gi introduced in Definition 5.4. The two quotient maps H2p(X¯ ) →
H2p(Xi)Gi have the same kernel by (5.2). Hence the quotients H2p(Xi)Gi are canonically isomorphic,
and the corresponding isomorphism in cohomology is induced by H2p(Xi,C)
Gi ≃ H2p(B,R2pπ∗C) by
construction. We conclude that the isomorphism H2p(X0,C)
G0 ≃ H2p(X1,C)G1 lifts to the category of
André motives. It follows that for any section ξ ∈ H0(B,R2pπ∗C) the cohomology class ξb0 ∈ H
2p(X0,C)
is motivated if and only if ξb1 ∈ H
2p(X1,C) is motivated. This finishes the proof.
6. Motives of hyperkähler manifolds
In this section, we consider hyperkähler manifolds of a fixed deformation type. Hence we fix a lattice Λ
representing the second integral cohomology of these manifolds and the Beauville-Bogomolov-Fujiki form
q. We denote by D ⊂ P(Λ ⊗ C) the period domain and fix one connected component M of the moduli
space of marked hyperkähler manifolds of our fixed deformation type. We denote the period map by
ρ : M→D. Given a non-zero element h ∈ Λ, we denote by Λh ⊂ Λ the orthogonal complement to h and
let Dh = D ∩ P(Λh ⊗C), Mh = ρ−1(Dh). We refer to [15] for a discussion of period domains and moduli
spaces of marked hyperkähler manifolds.
6.1. Constructing smooth families of hyperkähler manifolds. We will need the following lemma
about filling in families of hyperkähler manifolds over the punctured disc. We denote the unit disc by ∆
and the punctured disc by ∆∗. If π′ : X ′ → ∆∗ is a family of hyperkähler manifolds, its marking is an
isomorphism ϕ′ : R2π′∗Z ≃ Λ, where Λ is the constant sheaf with fibre Λ. In particular, the monodromy
action on H2 is trivial for a marked family. The marking induces a period map γ′ : ∆∗ → D.
Lemma 6.1. Let π : X → ∆ be a flat projective morphism and π′ : X ′ → ∆∗ its restriction to ∆∗. Assume
that π′ is a smooth family of marked hyperkähler manifolds, and the period map γ′ : ∆∗ → D extends to a
morphism γ : ∆→ D. Assume that a very general fibre of π has Picard rank one. Let (X,ϕ) be a marked
hyperkähler manifold, such that ρ(X,ϕ) = γ(0). Then there exists a finite cover α : ∆∗ → ∆∗, and a
smooth family of hyperkähler manifolds π˜ : X˜ → ∆, such that X˜0 ≃ X and α∗X ′ ≃ X˜ |∆∗, after possibly
shrinking ∆.
Proof. The statement is essentially equivalent to [17, Theorem 0.8]. Following the argument from [17,
section 3], we pull-back the universal family for X via γ and obtain a smooth family of hyperkähler
manifolds ξ : Y → ∆ with central fibre X . After passing to a finite cover of ∆, we construct a cycle
Z ⊂ X ×∆ Y that induces a birational isomorphism between X and Y. Note that for t ∈ ∆
∗ the fibres
Xt and Yt with the induced markings represent non-separable points of M. By our assumption, for a
very general t the Picard group of Xt is generated by an ample line bundle, hence the Kähler cone of
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Xt coincides with a connected component of the positive cone. This implies that M contains no non-
separable points over γ(t), see [20, section 5.3 and Theorem 5.16]. Hence Xt and Yt are isomorphic as
marked manifolds, and Z induces an isomorphism of the families over ∆∗, possibly after shrinking ∆. 
Given a hyperkähler manifold X1, we can choose a marking ϕ1 : H
2(X1,Z)
∼
→ Λ, such that (X1, ϕ1) ∈
M. Assume that X1 is projective with a very ample line bundle L, and let h = ϕ1(c1(L)). Then
(X1, ϕ1) ∈ Mh.
Proposition 6.2. In the above setting, assume that we have another marked hyperkähler manifold
(X2, ϕ2) ∈ Mh. Then there exists a connected quasi-projective curve C, a smooth family of hyperkähler
manifolds π : X → C and two points x1, x2 ∈ C, such that Xi ≃ π−1(xi) and π is a projective morphism
over C \ {x2}.
Proof. We embed X1 into P
N = PH0(X1, L) and denote by P its Hilbert polynomial. Let H be the
connected component of the Hilbert scheme HilbP (PN ) that contains the point [X1] and let ψ : X˜ → H be
the universal family. We will assume thatH is reduced, otherwise we take the reduction. Let U ⊂ H be the
open subset over which the morphism ψ is smooth, and let U˜ → U be the universal covering. The marking
ϕ1 defines a period map from U˜ to Dh. We can find a torsion-free arithmetic subgroup Γ ⊂ O(Λh, q)
and a finite covering U ′ → U , such that the period map descends to a morphism µ : U ′ → Dh/Γ of
quasi-projective varieties. Note that the morphism µ is dominant (see e.g. the proof of [28, Lemma 4.5]).
Let p1 and p2 be the images of (X1, ϕ1) and (X2, ϕ2) in Dh/Γ. By construction, p1 ∈ im(µ). We
can find a smooth quasi-projective curve C1 ⊂ Dh/Γ, such that p1, p2 ∈ C1. For a very general point of
Dh, the corresponding hyperkähler manifold has Picard group of rank one (generated by h), and we can
assume that the same is true for a very general point of C1. Since µ is dominant, there exists a curve
C2 ⊂ U ′ that maps dominantly to C1. Taking the normalization of C1 in the function field of C2, we get
a curve C3 and a finite morphism ν : C3 → C1. By construction, there exists a rational map from C3 to
H. Since H is a projective variety, this map extends to a morphism ξ : C3 → H. We obtain a projective
family X ′ = C3 ×H X˜ over C3.
C3 C1
H U ′ Dh/Γ
ν
ξ
µ
Let q1, q2 ∈ C3 be two points with ν(qi) = pi. Note that the fibre of X ′ over q1 is isomorphic to X1
by construction. The fibre over q2 might be non-smooth or not isomorphic to X2. We use Lemma 6.1 to
modify the family X ′ over a disk around q2, and produce a new family with fibre X2. Let ∆ ⊂ C3 and
∆′ ⊂ C1 be two small disks around q2 and p2, such that ν(∆) ⊂ ∆′ and the covering map Dh → Dh/Γ
splits over ∆′. Let ∆′′ ⊂ Dh map isomorphically onto ∆′ under the covering map. We obtain a morphism
γ : ∆ → ∆′′ ⊂ Dh. Let ∆∗ = ∆ \ {q2} and note that γ|∆∗ is the period map for X
′|∆∗ for some choice
of marking. We can now apply Lemma 6.1. After passing to a finite cover α : C4 → C3 ramified over q2,
we obtain a smooth family Y → α−1(∆) with central fibre X2, such that its restriction to α−1(∆∗) is
isomorphic to the restriction of X ′′ = C4 ×C3 X
′. We modify X ′′ over α−1(∆) by gluing in Y, and obtain
a new family X → C4 that contains both X1 and X2 as fibres. Restricting to an open subset C ⊂ C4 over
which this family is smooth, we complete the proof. 
Lemma 6.3. Assume that π : X → C is a smooth family of hyperkähler manifolds, such that: C is a
smooth quasi-projective curve; all fibres of π are projective; the morphism π is projective over a dense
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Zariski-open subset of C. Assume that the André motive of the fibre Xb0 is abelian for some b0 ∈ C. Then
for any b1 ∈ C the André motive of Xb1 is abelian.
Proof. Using part (1) of Corollary 3.3 and possibly replacing C by a finite cover, we may assume that
π1(C, b0) acts on H
•(Xb0 ,Q) via a homomorphism ρ : π1(C, b0) → Spin(V, q)Q, where V = H
2(Xb0 ,Q)
and q is the Beauville-Bogomolov-Fujiki form. Since the morphism π is projective over an open subset of
C, there exists a line bundle defining the polarization. The first Chern class of this line bundle gives a
monodromy-invariant element h ∈ V , such that q(h) > 0. Hence we can use parts (2) and (3) of Corollary
3.3 to obtain a projective family ψ : A → C of Kuga-Satake abelian varieties.
Consider the product Y = X ×C A and denote by ξ : Y → C the induced morphism. The embeddings
ν¯i from Corollary 3.3 can be viewed as global sections of the local system R
2n+2dξ∗Q(n + d). We need
to prove that the corresponding cohomology class ν¯i,b1 ∈ H
2n+2d(Xb1 ×Ab1 ,Q(n+ d)) is motivated. By
Proposition 5.1, it is enough to prove that ν¯i,b0 is motivated. But the fibre Yb0 ≃ Xb0 ×Ab0 has abelian
motive, hence any cohomology class on it is motivated by [1, section 6]. 
6.2. Proof of theorem 1.1. We choose two markings ϕi : H2(Xi,Z)
∼
→ Λ, so that (Xi, ϕi) ∈ M. We
choose very ample line bundles on Xi and denote by hi ∈ Λ their classes. We use Proposition 6.2 to
connect X1 and X2 by several smooth families of hyperkähler manifolds and then apply Lemma 6.3 to
these families. We connect X1 to X2 in several steps, depending on the relative position of the divisors
Dh1 and Dh2 inside D.
Case 1. Assume that ρ(X1, ϕ1) ∈ Dh1 ∩ Dh2 or ρ(X2, ϕ2) ∈ Dh1 ∩ Dh2 . In this case we can apply
Proposition 6.2 to construct a family connecting X1 and X2.
Case 2. Assume that sign(q|〈h1,h2〉) = (1, 1). This condition implies that Dh1 ∩ Dh2 6= ∅. By the
surjectivity of the period map ρ : M→ D (see [15, Theorem 5.5]), we can pick (X3, ϕ3) ∈ M, such that
ρ(X3, ϕ3) ∈ Dh1 ∩ Dh2 and reduce to Case 1 above.
Case 3. Assume the q|〈h1,h2〉 is positive definite. In this case Dh1 ∩ Dh2 = ∅, but we will find h3 ∈ Λ,
such that q(h3) > 0 and Dh1 ∩ Dh3 6= ∅, Dh2 ∩ Dh3 6= ∅, reducing to Case 2. Consider the set
V = {v ∈ Λ⊗ R | q(v) > 0, sign(q|〈h1,v〉) = sign(q|〈h2,v〉) = (1, 1)}.
This set is an open cone in Λ⊗R, and it suffices to prove that V 6= ∅. Choose three vectors e1, e2, e3 ∈ Λ⊗R,
such that: q(e1) = q(e2) = 1, q(e3) = −1; ei are pairwise orthogonal; h1 = ae1, h2 = be1 + ce2 for some
a, b, c ∈ R. If b = 0, then v = e1 + e2 + de3 ∈ V for 1 < d2 < 2. If b 6= 0, then v = be1 + ce2 + de3 ∈ V for
c2 < d2 < b2 + c2.
Case 4. Assume the q|〈h1,h2〉 is degenerate. Then we will find h3 ∈ Λ, such that q(h3) > 0 and the
restrictions q|〈h1,h3〉, q|〈h2,h3〉 are non-degenerate, reducing to the previous cases. Consider the set
V = {v ∈ Λ ⊗ R | q(v) > 0, q|〈h1,v〉 and q|〈h2,v〉 non-degenerate}.
As above, V is an open cone and we need to check that V 6= ∅. The condition that q|〈hi,v〉 is degenerate is
given by the vanishing of the determinant of the Gram matrix, hence it defines a hypersurface in Λ⊗ R.
Since the set {v ∈ Λ⊗R | q(v) > 0} is clearly open and non-empty, V is also non-empty. This completes
Case 4, and the proof of the theorem.
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